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1 Introduction

The study of differential equations and variational problems with double phase operator is a
new and important topic, since it sheds light on multiple range of applications in the field
of mathematical physics such as elasticity theory, strongly anisotropic materials, Lavrentiev’s
phenomenon, etc. (see [Zhikov| (1986, |1995)); Zhikov et al.| (1994); Berdawood et al. | (2020)).

In the present paper, we study the existence and multiplicity of solutions for the double
phase problem with variable exponents of the following form:

div (|vu\p<x>*2vu + a(a;)|vuyq<x>*2vu) = [uP® =24 + a(2)[u?® 2 in Q,
(\Vu|p(””)_2u + a(:v)|Vu|q<x)_2u) ‘v =g(z,u) on 01,

where Q2 ¢ RY(N > 2) is a bounded domain with Lipschitz boundary 092, 1 < p(z) < ¢(z) < N
and % <1+ %, a: Qs [0,+00) is Lipschitz continuous, v denotes the outer unit normal of
Q at the point x € 9Q and g : 9N x R — R satisfies Carathéodory condition.

The differential operator div (|Vu\p(z)*2Vu + a(a:)|Vu]q(x)*2Vu) is called the double phase
operator which is a natural generalization of the classical double phase operator when p and ¢
are constant functions div (|VulP™2Vu + a(z)|Vu|T2Vu) .

Multiple authors have concentrate on the study of double phase problems recently, and a
plethora of results have been obtained Nachaoui et al.| (2021); |Rasheed et al. (2021)). Let us
recall some previous results that led us to the present paper.
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In Liu & Dail (2018), the authors considered the following problem in the particular case of
p(z) =p and q(z) = q

—div (|Vu[P7*Vu + a(2)|Vu|!"*Vu) = g(z,u) in Q,
u=20 on 0,

and they proved the existence and multiplicity of nontrivial solutions when the nonlinear term
g satisfying the (AR)— condition: i.e.,
(AR) there exist M > 0, # > ¢ such that for |[t| > M and a.e. z € Q,

0 < 0G(x,t) < tg(x,t).

In [Yang et al. (2020), J. Yang, H. Chen and S. Liu have studied the following Dirichlet
boundary value problem

—div (|Vu|p(w)_2Vu + a(w)\Vu|q(m)_2Vu> = A\g(z,u) in €,
u=20 on 0.

Via a variational approach, the existence and multiplicity of solutions have been established,
where the nonlinear term g does not satisfy the (AR)— condition.
In the case when a = 0, problem becomes a p(x)-Laplacian Steklov problem of the form

Ap(x)u = ‘u‘p(:r:)—Qu in Q,

_,0u (2)

VP o= g(x,u) on 0f.

By using critical point theory, existence and multiplicity results of problem are proved by
A. Ayoujil in |Ayoujil| (2014).

In a recent paper |Cui & Sun| (2021)), in the case when p(z) = p and ¢(z) = ¢, Na Cui and
Hong-Rui Sun proved that the following problem

—div (|VulP7?Vu + a(z)|Vul!?Vu) = f(z,u) — [ulP"2u — a(z)|u|"?u in Q,
(IVulP~?u + a(z)|Vu|!"?u) - v = g(z,u) on 09,

has a nontrivial weak solution or infinitely many weak solutions with f and g are Carathéodory
functions satisfying suitable growth conditions, but do not satisfy the (AR)— condition. Their
approach was based on the critical point theory, namely, Mountain Pass Theorem, Fountain
Theorem and Clark’s Theorem.

Motivated by the above fact, we intend to establish the existence and multiplicity of non-
trivial solutions of problem , which has never been tackled before. The main novelty, as well
as the main difficulty of problem comes from the fact that: on the one hand, the preblem
is modeled in the working space WLH(Q), not just the classical Sobolev space, which needs
more delicate and complicated estimates when we consider a nonlinear boundary condition. On
the other hand, the exponents p and ¢ are nonconstant functions, then, problem has a more
complicated structure.

Before stating our main results, we need to make the following assumptions of g:
(Hp) There exists C' > 0 such that

lg(z, )] < C(1+ [¢]*®=1) for all (z,t) € I x R,
where a € C(09Q), 1 < ¢t <a” <a(z) <a’ < p.(z) and
(N-Dp(z)
o= S o0 <
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(H2) lllrln infgﬁ:‘ﬂ i)t = 400 uniformly for a.e. z € 052,
t|—o0

where G(x,t) fo (z,s)ds.

(Hs) hnrl'tg‘(Jr )1 = 0 uniformly for a.e. z € 00 .

(Hy) There exists a constant p > 1, such that for all (s,t) € [0,1] x R, for each F) € B and for
all 0 € [p~,¢"], the inequality

puFx(z,t) > Fg(x,st) holds for a.e. z € 01,

where B is the class of functions defined by B = {]—'A | Fr = gz, t)t — AG(z,t),\ € [p~,q"] }
(Hs) g(x, —t) = —g(z,t) for all (z,t) € 92 x R.

It is known that the main role of the famous Ambrosetti-Rabinowitz type condition is to
ensure the boundendess of the Palais-Smale type sequences of the corresponding functional.
However, there are several functions which are superlinear at infinity and at the origin but do
not satisfy the (AR)-condition. For example, the function

g(z,t) = qt|7 2t In(1 + [t[?)
does not satisfy the (AR)-condition, but it satisfies (H1) — (Hs).

Remark 1. 1. The hypothesis (Hy), which is important in obtaining a compactness condition
of Palais—Smale type, can be found in|Zang (2008).

2. In general, the (AR)— condition does not imply (Hy). Indeed, if p(x) = p and q(z) = q,
then, hypothesis (Hy) becomes:
(Hy) There exists a constant u > 1, such that for all (s,t) € [0,1] x R, for each Fy € B
and for all 0 € [p, ql, the inequality

uFx(z,t) > Fy(z,st)  holds for a.e. x € 09,

where B = {.7-3\ | Fa = g(z,t)t — AG(z,t),\ € [p,q] }
Let us consider the following assumption:
(H,) There exists a constant pn > 1, such that for all (s,t) € [0,1] x R the inequality

pFq(z,t) > Fo(z,st)  holds for a.e. x € 0.

From|Zang (2008), the function g(x,t) = (q+2)[t|9t+ (q+1)[¢|?" 't sin? 1 —[¢|9™ " sin } cos T

satisfies the (AR)— condition, but does not satisfy (Hy). Since (Hy) implies (Hy), by
contraposition, we conclude that g does not satisfy (Hy).

Now we are ready to state our main results.

Theorem 1. Assume (Hy),(Hs2), (Hs) and (Hy). Then problem has at least one nontrivial
solution in WHH(Q).

Theorem 2. Assume (Hy),(Hsz), (Hy) and (Hs). Then problem possesses a sequence of
nontrivial weak solutions (uy) in WH"(Q) such that J(u,) — +o0 as n — +0o.
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2 Preliminaries

To study double phase problems, we need some definitions and basic properties of W17 (Q)
which are called Musielak—Orlicz-Sobolev space. For more details, see |Benkirane & Sidi El
Vally| (2014); Colasuonno & Squassina/ (2016)); |Fan| (2012)); Harjulehto & Hasto| (2019)); Musielak
(1983) and references therein.

Denote by N(2) the set of all generalized N-functions (N stands for nice). Let us denote by

H:Q x [0, 400 — [0, +00[
the functional defined as
H(xz,t) = t?@) 4 a(x)t?™,  for all (x,t) € Q x [0, +00],

where the weight function a(.) and the variable exponents p(z), q(z) satisfies the following
hypothesis:

H(a): p,q € C(Q) such that p(z) < ¢(z) < N for all z € Q and 0 < a(.) € L(Q). (3)
It is clear that H is a generalized N-function, locally integrable and
H(z,2t) < 2q+’H(a:,t), for all (z,t) € Q x [0, +o0],

which is called condition (Ag).
we designate the Musielak—Orlicz space by

Q) = {u : Q — R is measurable and / H(z,|u|)dx < +oo},
Q
equipped with the so-called Luxemburg norm
u
=i : - <15.
ulye =t {1 > 0 /Q’H(x, e <1}
The Musielak-Orlicz-Sobolev space W17(€Q) is defined as
WLH(Q) = {u e LH(Q) : [Vul € LH(Q)},

endowed with the norm

| wll1,2= |uly + [Vuly.

With such norms, L*(Q) and W17 (Q) are separable, uniformly convex, and reflexive Banach
space.
On L*(Q), we consider the function py : L7(Q2) — R defined by

pu() = [ (1" + a(@)ul ™) da.

The relationship between py and |.|y is established by the next result.

Proposition 1. ( See|Crespo-Blanco et al| (2021) ) For u € L*(Q), (u,) C L*(Q) and X > 0,
we have

1. Foru#0, |uly = A<= pu(%) = 1;
2 |uly <1(=1,>1) <= py(u) <1(=1,>1);

- +
8. Julsy > 1= [ulf) < pru) < [ulf
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+ —
4. July <1=|uli, <puu)<|ulf,;

5. llrfm|un|g =0« nETpr(un) =0 and ngriloo|un|ﬁ =400 & nll)r_ir_loopq{(un) = +o00.

n—
q(w)] do < 1}

On W7(Q), we introduce the equivalent norm by

p(x)
lul| := inf )\>0:/
Q

Similar to the Proposition , we have

@ p(z)

A

Vu
A

u

" + ’ﬁ + a(z) ‘X

A

a(x)

Proposition 2. ( See|Crespo-Blanco et al.| (2021) ) Let
) = [ (1960 + a@IVa o+ [ (up + alo)ult®) do
@ Q

. For u e WY(Q), (un,) € WHH(Q) and X > 0, we have

1. Foru #0, |lul| = A<= pu(%) =

2. fJull <1(=1,>1) <= pu(u) <1(=1,>1);

3. full > 1= J[ullP” < pplu) < Jul”;

b full < 1= Jull 7" < palu) < [lull?;

5. hrn HunH =0& hm p;.[(un) =0 and ngm |un|y = +o0 < hr}rl Py (Up) = +00.

n—-+

We define the weighted space

LQ(x)

() (09) = {u : 0 — R is measurable and / () w7 do < —i—oo}
o0

with the seminorm

) ul\ 4®)
[lg(a) () = Inf {A >0 /BQ p(x) ('A’) do < 1}.

In particular, when p = 1 on 952, the space LZ((Z))@Q) becomes a variable exponent Lebesgue

space L‘?(@(BQ) with |u‘q(ac),,u(:r) = \u|q(m),3g.
Recall the following embedding results.

Proposition 3. (See|Crespo-Blanco et al| (2021) ) Let hypothesis be satisfied. Then the
following embeddings hold:

1. Ifp € CL(QNW(Q) for some v > N. Then, there is a continuous embedding W1 (Q) —
L"@)(9Q) for r € C(0Q) with 1 < r(z) < pu(x) for all z € ON .

2. There is a compact embedding WH(Q) «— L™@)(9Q) forr € C(9Q) with 1 < r(z) < p«(x)
for all x € 09).

Let A: WhH(Q) — (W17(Q))" be defined by
(A(u),v) = / (]Vu|p(z)*2 + a(a:)|Vu\q(x)*2> Vu.Vv dx +/ <|u|p(‘7”)72 + a(a:)]u|q(“)*2> w.v dz
Q Q

for all u,v € WH*(Q), where (W”"(Q))* denotes the dual space of W17 (Q) and (.,.) stands
for the duality pairing between W1%(Q) and (WH*(Q))".
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Proposition 4. (See|Crespo-Blanco et al.| (2021) ) Let hypothesis be satisfied.
1. The operator A : WHH(Q) — (VV”"‘(Q)Yk is continuous, bounded and strictly monotone.

2. The operator A : WH(Q) — (W”{(Q))* satisfies the (S4)-property, i.e., if u, — u in
WLH(Q) and Erf (J(un) — J(u),up —u) <0, then u, — u in WHH(Q).

3. The operator A: WHH(Q) — (WL(Q))" is coercive and a homeomorphism.

From now on, we denote by E = Wh*(Q) and E* = (WIH(Q))* the dual space.
The problem has a variational structure, its associated energy functional J : £ — R is
defined as follows

where
= [ (@ - )o@ g L@ )@ g
100 = [ (G e+ Gegvu) o [ (Gt + Gegmr)
and
o(u) = G(z,u) do,

o0N

where do is the measure on the boundary.
Then, it follows from the hypothesis (H;) that the functional J € C'(E,R), and its Fréchet
derivative is

(J'(u),v) = /Q (]Vu|p(x)72 + a(a:)|Vu\q<x)*2> Vu.Vou d:c—}-/Q (|u\p(z)72 + a(x)|u|q(x)72> w.v dr—

—/ g(z,u)v do,
o0

for any u,v € F.

Definition 1. Let u € E. We say that u is a weak solution of the problem if

/ <|Vu|p(gc)_2 + a(x)\Vu|q(r)_2) Vu.Vou dx + / (|u\p(x)_2 + a(:p)|u|q(z)_2) w.v dr—
Q Q

—/ g(z,u)v do =0,
o0
forallv e E.

Definition 2. (See |Cerami (1975)) Let (X, |.||) be a real Banach space and ¢ € C1(X,R).
Given ¢ € R, we say that ¢ satisfies the Cerami condition ( we denote (C.)— condition) if

a) any bounded sequence (un) C X such that ¢(u,) — ¢ and ¢'(u,) — 0 has a convergent
subsequence;

b) there exist constants o, B, > 0 such that

¢’ (@)l ul > 8, Vue ¢ (le—a,ct+a]) with |lul| >
If this condition is satisfied at every level c € R, then, we say that J satisfies (C)-condition.

Now, we present the following theorems which will play a fundamental role in the proof of
main Theorems.
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Theorem 3. ( See |Bartolo et al. | (1983)) Let X be a real Banach space, let ¢ : X — R be a
functional of class C1(X,R) that satisfies (C')-condition, ¢(0) = 0 and the following conditions
hold:

1. There exist positive constant p and o such that ¢p(u) > « for any u € X with ||u|| = p.
2. There ezists a function e € X such that |le|| > p and ¢(e) < 0.

Then, the functional ¢ has a critical value ¢ > «, that is, there exists uw € X such that ¢p(u) = ¢
and ¢'(u) =0 in X*.

Let X be a real, reflexive, and Banach space, it is known [Zhao| (1991) that for a separable
and reflexive Banach space there exist {e;}jen C X and {e]}jen C X™ such that

X =spanfej:j=1,2,..}, X*= span{e; c7=1,2,...},

and (ef,e;) =1if i =j, (e, e;) =01if i # j.
We denote X; = span{e;},Yy, = @?:1 X; and 7y, = ;;OZ X;.

Theorem 4. (See |Zou (2001) ) Assume that X is a Banach space, and let ¢ : X — R be an
even functional of class C1(X,R) and satisfies (C)— condition . For every k € N, there exists
Vi > Nk > 0 such that

(A1) b == inf{o(u) : u € Zg, ||u|| = Nk} = 400 as k — +o0;

(As) o 1= max{6(u) : u € Vi, Jull = 3} < 0.

Then, ¢ has a sequence of critical values tending to +o0.

3 Compactness condition for the energy functional
corresponding to problem

In this section, we present the following compactness result which will play a crucial role in the
proof of main Theorems.

Lemma 1. Assume that (H1), (H2) and (Ha4) hold. Then, J satisfies the (C)-condition.

Proof. Firstly, we show that J satisfies the first assertion of (C')—condition. Let (u,) C E be a
bounded sequence such that

J(up) = ¢, ceR and J'(u,) — 0.

As E is reflexive, for a subsequence still denoted by (uy), we have u,, — w in E. By (H),
using arguments analogous to those in [Fan & Zhang (2003)), it can be seen that the functional
¢ : E — E* is completely continuous, then ¢(u,) — ¢(u). Since J'(uyn) = I'(uy) — ¢ (upn) — 0,
we get that I'(u,) — ¢'(u). Using the fact that I’ = A is a homeomorphism in view of
Proposition , then we obtain that u, — u in F.

Now we check that J satisfies the second assertion of (C)-condition. To this end, arguing by
contradiction, it is assumed that there exist ¢ € R and (u,) C E satisfying

J(un) = ¢, |lunl = +00 and  [|J"(wn)|| [|unll = 0. (4)

We can suppose that ||u,| > 1, for n € N, then we obtain

c= lim [J(un)—lul(“n)a“n)}

n—-4oo 5n

1
= lim [/ g(x, up)updo — G(w,un)da},
o0 o0

n—-+o0o n
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where §,, = 2 }1(1(;:3)
Let a sequence (vy,) be defined by v, = m, then, ||v,|| = 1. Since E is reflexive and (v,) C F

is a bounded sequence, we assume that for some subsequence, still denoted by itself, there is
v € E such that

v, v inFE,
vy — v in LY@(9Q),

vp, = v in Lq+(69),

v(x) > v(x) a.e z €,

where o comes from (Hy).

Next, we need to distinguish two cases: v = 0 and v # 0.

Casel. If v = 0, according to the proof of Lemma 3.6 in [Jeanjean| (1999), we can define a
sequence (t,) C R such that

J(tpun) = tren[aa’}lc}J(tun). (7)

1

Fix L > 0 such that L > 2}#. Let U, = (2¢7L)»~ v,. By (@), it is seen that

Ty — 0 in L@ (9Q).

Using (H1), it follows that
|G (z,1)| < C(t] +[t]*).

As the function ¢ — G(.,t) is continuous, we obtain

G(.,Ty) = 0, as n — 4oo in L'(0Q).

Therefore,
ngg-loo o G(z,0y)do = 0. (8)
1
Because ||uy| — +00, it is obvious that % €10,1[. As p~ < p(z) < q(z) < ¢*, then, for

n large enough, we obtain

J(tnug) > J(0r)

1 1
- [, (g v + Gvmie ) do+ [ (oot + men) do- [ Gt a
“ Q2 o0

p(z) q(x) p(x) q(z)
2¢TL 2qTL o
> — Vo, [P + a(z)|Vu,|P®)) de+ 2= Un|P®) + a(z)|v,]|1®)) de — G(z,v,) do
| (1907 + a(@)] Ve o) | (ol +a@eal?®) de— | G 7)
= 2Lp3(vn) — - G(z,vy) do
>oL— | Gla,oy) do > 2L,
00 o)
that is,
nETwJ(tnun) = +o0. (10)
Since J(0) =0 and lim J(uy) = ¢, then, t, €]0,1] and

n——+oo

J(tun) =0,  (11)

P (tnun) / g(x, tpun )ty do = (J' (thun), thtn) = th—
0 dt|—y,
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when n is large enough.
Therefore, combining and , we get

/ <1g(gc,tnun)tnun — G(a;,tnun)> do = i,zﬁ;.[(tnun) — G(z,thuy) do
o0 \0t, Ot o0 (12)

= J(tpupy) = +00,
n (o0}

with d,, = Ztitnta),

By simple calculation, we have d,,d;, € [p~,q"]. Then, Fs,5Fs,, € B. Accordingly, from
(Hy), we have

1 1
/ <g(:ﬂ,un)un — G(a:,un)> do = — Fs, (x,up) do
o0 5” 5n oN

1

> — Fs, (x,thuy) do
Hon Jaq tn( " n)
0t,,

1
= —g(x, thup)tpu, — G(x, thuy) | do.
Hon Jaq (5tng( ) ( ))

Since inf,, ;(?TZ > 0, by , we can deduce that

1
/ <59($7un)un - G(:L‘,un)) do — 400, as n — 400,
0N n

which is contradiction to (/5]).
Case2. If v # 0, by and Proposition (2)), we write

) — /8 o) dor = (') 00) = o(0) ] (13)
then

o1 = g(x, up)up >

g(x, up)up >
> /89 ——d (14)

e |7

:/ 7g(m’u")u”]vn\q+ do.
o0

|Un|q+

Let’s define the set Vp = {x € 00 : v(z) # 0}. If x € Vp, then

lim wv,(z) = Unl@) _ v(z) # 0.

n—-+o00 n—-+o0o ||Un|| o

Therefore, |u,(x)| = |vp(z)| [Jun]| o, Too aexe 0.
n—-+0oo
Hence, using (Ha), we see

T, Un U
g(|1; ‘ZJ)r = ‘Un|q+ n—>—+>oo +00.
n

As |Vp| > 0, by Fatou’s lemma, we conclude

/ 9@ )t ot g e, (15)
Vo

|un|q+ n—-+o0o
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From (H;) and (Hz), it follows that there exists a real number D such that % > D for any
t € R and a.e. & € 0. Moreover, we have

/ ot do —s 0.

Then, there exists N > —oo such that

/ M!vn\‘ﬁ do > D [oa] " do > N > —o0. (16)
o\Vy  |unl? 02\Vo

Combining and gives

/ Ww“ do = / g )t o do+/ W\vnw* do — +00, as n — +oo.
o0 Unp Vo U 8Q\Vg Up,

This leads to a contradiction with . Consequently, the functional J satisfies the second
assertion of (C')— condition. The proof is complete. O

4 Proofs of main results

The main aim of this section is to prove our main results.

4.1 Proof of Theorem

The proof is based on the Mountain Pass Theorem . Let X = F and ¢ = J. Obviously, by
Lemma , J satisfies the (C)—condition. Firstly, we will show that J possesses the mountain
pass geometry.

Lemma 2. There exist n,p > 0 such that

I(u) 2 n,  for [lul| = p. (17)

Proof. Let € > 0. By assumptions (H;) and (H3), it follows that
1G(z, )] < elt|?" + C|t|*™,  for all (z,t) € 9Q x R.

Then, for ||u|| sufficiently small, we have

1
e —5/ s da—cg/ |u]*®) do.
q o0 o0

Since 1 < ¢t < o~ < a(z) < at < py(z) for all z € 99, according to the Proposition (3], we
have
E< L9 (0Q) and E < L*®)(HQ),

with a compact embeddings. Thus, there exist c¢1, co > 0 such that
ulg o0 < cillull and Julag oo < collull, for all ue E. (18)

Consequently, we have

1 + + + _ -
Jw) 2 —ecf fJul|™ = Cecy™ [luf™ . (19)
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+ .
We can choose ¢ such that ec! < 2#. Therefore, as a~ > ¢+, we obtain

I > Jult” (50 = O ) =" (o = €t 1) =00
O
Lemma 3. There ezists e € E with |le|| > p such that J(e) < 0.
Proof. Let u € E'\ {0}. By (Hz), we can choose a constant A and C4 such that
P (u)
A> = fag ] dz’

so that

G(z,t) > A|t\q+, for all |t| > C'4 and uniformaly in 9. (20)

Let ¢t > 1 be large enough, we have

J(tu) = /Q (@mu?(@ ;‘Eg\vlm\q@) dr + /Q (@\tuﬂxwggguu\q(@) d — /a Glautu) do

q+
< t_[/ (\Vu|p(z)+a(x)|Vu|‘I($)> dm+/ <|u|p(x)+a(x)|u|Q($)> dm} —/ G(z, tu) do
p Q Q {[tu|<Ca

- / G(x,tu) do.
{ltu|>Ca

Since G(x,.) is continuous in ¢t € [-Cy, C4], there exists a positive constant Cj such that
|G(x,s)| < Cp, forall (z,s) € 00 x[—Cy,C4l. (21)

Then, using and , it follows that

et + +
J(tu) < — pyy(u) — At / | do + Co|09)
p o0
—¢a" <p“f‘(_“) - A/ s do—> + Co|09)
p o0
— —00 as t — +oo.

Accordingly, there exist £; > 1 and e = tju € E such that ||e]| > p and J(e) < 0. O

Finally, by lemmas - (), and the fact that J(0) = 0, J satisfies the Mountain Pass
Theorem. Therefore, the problem has a nontrivial weak solution in W17 ().

4.2 Proof of Theorem ({2

Let X = E and ¢ = J. Evidently, by (H5) and Lemma , J is an even functional and satisfies
the (C')— condition. To apply the Fountain Theorem (4)), it suffices to show that there exist
Yk > g > 0 such that

(A1) b :=1nf{J(u) : v € Zy, ||u|| = nk} — +o00 as k — +o0;

(A2) ¢ :==max{J(u) : u € Yy, ||ul| =} <O.

We first give the following lemmas that will be used later.
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Lemma 4. If § € C4(09), B(z) < p«(x) for every x € 0Q2. Put

dp= sup |ulg),00
lull=1,u€Zy

then lim dj = 0.

k= +o0
Proof. Suppose by contradiction that there exist € > 0,k; > 0 and (uy) C Z such that
ukl =1 and |ug|ge)00 > €,
for every k > kj. Since (ug) is bounded in E, then, there exists u € E such that
up U in £ and (e;,u) = len;O<e§,uk> =0,

fori=1,2...
Thus, u = 0. However, we obtain:

e < kli_>rgo|uk|6(z),89 = |ulg(z),00 = 0,

which is a contradiction. O

Lemma 5. For all 9 € Cy(09) and u € L2 (dN), there is ¢ € OQ such that

1l do = )

1
Verification of (A1) . Let u € Zj with ||u|]| = R, = (c6oz_d%+)f—ﬂ+ > 1. By (H;) and
Lemma , we get

J(u) = /Q <p(1x)‘vu,p(x) + Zég‘vu,qw)> dx +/Q (p(lsc)‘u,p(x) + Zg;u\q(x)> dx — /asz G(x,u) do
> qﬂ_ﬁy(u) —c3 /89 lu| do — ¢y /89 [u|*@) do

1 _
> q—+||u||p — csllull — colul2() 5o Where € € 09
2 el —esllull = c, if [ula@)00 <1
= — + .
arllullP” = esllull = o (allul)* s if Julag) > 1
1 - +
> quUHp — csllull — es (dillul)* — e,

where ¢;, i = 3,4, 5,6 are positive constants.
Because ¢© < a~ and dj, — 0 as k — +o0, then,

1 1 -
J(“)Z(qj_o?)Ri —csRp —cg — +oo  as k — 400,
which implies (4;).

Verification of (Az) . Because Y;, = @?:1 E; is finite-dimensional space, all norms are
equivalent. Then there exists Ny > 0, for all u € Y}, with ||u|| is large enough, we obtain

1

I(u)gp

. 1 + +
() < 7 < Niful3 (22)
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Moreover, it follows from (Hsz) that there exist Hy > 0 such that for every [t| > Hy, we get
G(z,t) > 2Nk\t\q+ for a.e. x € 99.
Therefore, for every (z,t) € 092 x R, we obtain
G(z,t) > 2Ni|t|7" — Gy,

where G}, = max G(z,t).
[t|<Hy

Combining this with ([22), for u € Y}, such that ||ul| = vx > n, we find

J(u) =I(u) — - G(z,u) do
+ +
< Niglulfy — 2Ng|ul7, + G109
< —Nilul%; + Gil09]

1
< —]7_||u||q+ + Gil09Q.

Consequently, from the above inequalities, for v large enough (v > 1), we obtain
ek = max{J(u) : u € Yy, ||ul| =y} <0,
which implies (A4s).

Therefore, the proof is completed by applying the Fountain Theorem.
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